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GTU - Elektronit Miihendicligi

UYARL Bu belge, el yazisi ders notlarindan Clavde (Anthropic) yardimiyla dijitale aktarilmistir.
Yardimcl kaynak olarak hazirlanmistir; hata veya eksik igerebilir. Litfen orijinal notlari ve ders
kaynaklarini esas alin.

NOTICE This document was transcribed from handwritten lecture notes with the help of
Claude (Anthropic). It is meant as a supplementary resource and may contain errors or
omissions. Always check against the original notes and official course material.

(aplace Transformv
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Laplace transformu, x(£)e™t seklinde x(t) isaretinin bir reel Ustel isaret ile carpiminin Fourier

transformudor.
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Ornek
Tx(t) = o)

00 0o 0 1
x(€)e st dt = —J e %y(—t)e st dt = —J e @tsdtge s | Re{s+a}t <0
Too s+a

—00

%)= |

—00
—at L 1

= ey =R -
e *u(-¢) Tl e{s} < —a

= Yakinsaklik bélgesi (Region of convergence, ROC): Laplace transform integralinin
yakinsadigl s deger araligina yakinsaklik bélgesi denir.

jo jw

% 7

N

Ta V ge{s} '—a
7 7
s-dUzlemi s-dUzlemi
L{e*u(t)} = i, Re{s} > —a 0{—e~Fu(-8} = ﬁ, Re{s} < —a

Ornek
l;x(t) = 3e2by(6) = 2e~tu()

3 . -l Re{s} > —1

7
/ / x: pole (root of denumerator) (kutup)
X _'/ Re

o: zero (root of numerator) (sifir)

s-dUzlemi

Ornek
Tx(t) =5(¢) — %e‘tu(t) + %ez'fu(t)

(eo]

£{5(6)} = J (et = J: 5(6)e=0 it = E; 5(6)dt = 1

5(6) <55 1, Vs (ROC, bitin s-duzlemi)
IF L 1 1
e "u() i Re{s} > —1
1
e?tu(t) o Re{s} > 2
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4 1 1 1 (s {7 ;
=1 == + — =
e Bs+1 2s-2 (s+1)(s-2) Refsir=72

= Aynl noktada tekrar eden s sayisina mertebe denir.

Paydada, s = =1 ve s = 2 olmak Uzere birinci mertebeden iki adet kutup ve payda s = 1'de ikinci
mertebeden bir adet sifir vardir.

Not: Laplace transformunun ROC jw eksenini igermiyorsa Fourier transformu yakinsamaz.
%eZtu(t) ifadesinin Fourier transformu yoktur.

Yakinsama bilgesi (ROC) ézellikleri

1) X(s)in ROC'u s-dizlemindeki jw eksenine paralel seritlerden olusur.

X(s) = X(o +jw) = Joo x(6)e st dt = Joo x(£)e te TV dt = F{x()e ¢}

—00 -0

o0
J x(6)le= dt < oo

—00
2) Rasyonel Laplace transform igin, ROC herhangi bir kutup igermez.
3) x(¢) sonlu sireli ve mutlak entegre edilebilir ise, ROC bitin s dizlemidir.

T2
J x(O)] dE < 00
T

T2
J Ix()le %t dt < 00— 1) Bzellik

T

— Re{s} = 0 = 0 iken s = jw olup ROC iginde kalir.

T2 T
— Re{s} = 0> 0 iken J Ix(6)le ¢ dt < e—‘mJ Ix(6)l dt < oo olur ve Re{s} > 0 s-dizlemi
T T
(©.9]
ROC icinde kalir.
T2 T2
— Re{s} = 0 < 0 iken J Ix(6)le=t dt < e'°T2J Ix(E)l dt < 0o olur ve Re{s} < O s-dizlemi
T T
ROC iginde kalir.
Ornek
—at
, O<t<T
x(©)=4° ctc
0, disinda

2_N., 7
— s+t 2

3 (s —1)?
(s+)(s-2)

1 .0 1 R
Claude notu: 5 katsayisiyla toplam G+N-2) sonucy katsayl 5 iken elde edilir (wuhtemelen

x(¢)de %eZtu(t) olmali).

olur;
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o0

T
X(t)e—st dt—= J e—(a+s)t dtl= (1 | e—(a+s)T> bl
0

X(s) = J

o s+a

3)e gére ROC bitin s dizlemi
2)e gdre ROC kutup igermez, s = —a kutup var.

s = —a iken X(s) = %

d (1 _ g=(a+s)T
lim X(s) = lim (0‘5( ® )> = lim Te % Te™T — X(-a)=T

s——a s——a d%(s +a) s——a
a4) x(t) sag yonll ve Re{s} = 0p dogrusu ROC'da ise, Re{s} > 0 igin bitin s dederleri de ROC'da
olur.
Im

x(£) i

S) x(€) sol yonli ve Re{s} = 0g dogrusu ROC'da ise, Re{s} < 0¢ igin bitin s dederleri de ROC'da
olur.
Im

« v
b D

6) x(£) gift yonlu ve Re{s} = 0g dogrusu ROC'da ise, ROC, s dizleminde Re{s} = oy dogrusunu
iceren bir seritten olusur.

I

NN
NANANNY

x(6)

J‘%K\_/—\ 0r
\ ¢

?) X(s) rasyonel ise, ROC, ya kutuplarla sinirlidiv ya da sonsuza genisler ve kutup igermez.
— x(€) sag yonll ise, ROC, en saddaki kutubun sadinda kalan s dizlemidir.
— x(€) sol yonl ise, ROC en soldaki kutubun solunda kalan s dizlemidir.

Ornek
Tx(t) = g bltl

Re

o

00 0 &) -+ R — b 0
X(s) = J x(t)e st dt = J eblestdt + J e Ple=st e = ] ) efs 1b} <
—00 —00 0 s—b s+tb Re{5+b}>o
-2b
X(s) = FrarL —b <Ref{s}t<b
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/“’ Re

Orneb
1 1

1

) = (s+1)(5+2):s+1_s+2

x(¢) sag yonli ise
x(€) = etu(t) — e=2Cu(t)
ROC, s = jw igerir, FT yakinsar.

Ters Laplace Transform

X(s) = X(o + jw) = J

x(O)e™® = F14X(0 + jw)} = 2% J

X(t) = %

= X(s) =

Re

N
|
=

ANNNANNN

x(€) gift yonli ise
x(£) = —e~tu(—£) — e=2Eu(¢)

FT yoktur.

x(¢) sol yonlu ise
x(€) = —e~tu(=t) + e~ 2by(-t)

FT yoktur

(o]

x(6)e te TV dt = F{x(¢)e "¢}

—00
(©]

X(o + jw)e®t dw
o0

1 [ -
J X(0 + jw)elTHOX gy
—00

s=0+jw — ds=jdw

t —' U+jOOX Std
x(¢t) = 2—79 L—joo (s)e®" ds

— x(t) = Aie=%Cu(t) : sad yould

s x(£) = —Ae~%tu(-t) : sol ysnlo

ipe
— st a;
i=1

Laplace Transformonun Ozellikleri

x(t) &5 X(s), rOC: R

X(s) = LX)  x(6) = LTHK()}

1) Lineerlik: ox1(t) + Bxo(6) «— aXi(s) + BXa(s), ROC: R NRy

2) 2amanda Steleme: x(t —tg) «— est0X(s), ROC: R
3) s-domeninde Steleme: e*0tx(£) «— X(s—sp), ROC: R+ Re{sp}

sg = jwp = dPolx(E) «— X(s —jwg), ROC: R
4) 2amanda Slgeklendirme: x(at) «— l;(X(s/a), ROC: Rfa
a=-1 = x(-t)=X(-s), ROC: —R
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5) Eslenik alma: x*(t) «— X*(s*), ROC: R
dx(t)

6) Tirev: —r | T sX(s), ROC: Ry igerir.

—tx(t) d)f), ROC: R

¢

7) Integral: J x(t)dt «— gX(s), ROC: RN {Re{s} > 0}
—00

8) Konvolisyon: xi(t) xx5(¢) «— Xi(s)X2(s), ROC:”R1NRy

x(&) —— h(t) —— y(bt)

Y(5) = X(S)H()
YO=xOh®) — v

(s) = () . Transfer fonksiyonu
Ornek
x(£) = te=%u(t), X(s) =2

1
e %y(t) — ——, R s
e % u(t) i e{s}>-a

- d/ 1\ 1
te %u(t) —£<s+a) " Gra? Re{s} > —a
5e 2u(t) TPEL Re{s} > —a
il —aly 1 e{s} > —a
e YO e Rets
Ornek
252 +55+5 5
H(s) = G2 Re{s} > -1, h(t) =7
A & C 74
s A S M ) B
c=3

e

n(e) = 2te~tu(t) — e Cu(E) + 3e72Cu(e)

ROC ile (TI cistemlerin ozelliklerinin analizi

1) Nedensellik: 4(t) =0, t <0 sad ydnll — ROC sag ydnly
(o]
2) Kararlilik: J [A(6)ldEt < co — ROC, jw eksenini igermelidir.

—00
Ornek
h(t) = e'tﬂ, kararl midir?
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I

1
H(s) = T Re{s} > —1

ROC sag ydnld oldugundan nedenseldir.

Ornek
hE) = el H(s) = 2’21 1< Refs} <1
S —

Nedensel degildir.

Ornek
s—1 A & 1
H(s) = =L A=, Be =
) (s+MN)(s-2) s+1 s-2 / 3

I

Re

h(t) sagd ydnlu n(€) sol ydnly h(€) gift yonlo
h(t) = %e"fu(t) + %ezéu(t) n) = —%e’tu(—t) = %eztu(—t) n(t) = %e"tu(t) - %eZtu(—t)
Nedensel (sag ydnl0) Nedensel degil (sol ydnl) Nedensel degil
Kararli degil (jw eksenini igermez)  Kararli degil Kararli

Ornek

d2y(e) , ,dy(®) dx(¢)

+3 +2y(e) = +3x(¢), h(t) =7

Iz
s2Y(s) + 3sY(s) + 2Y(s) = sX(s) + 3X(s)

W) s+3  _ A 8 A=2
X(s)  s2+3s+2 s+1 s+2 B =1

e

n(t) = 2e~tu(t) — e tu(t), Re{s} > -1?

H(s) =

2Clavde notu: B/(s + 2) teriminin ters ddnisimi e~ 2u(£)dir; muhtemelen A(€) = 2e~u(t) — e 2¢u(t) olmal..
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