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fgaret/er ve Sictemler

Ders 7 — Ayrik zamanl, Fourier ceriferi

Orijinal not: Isaret-ve-Sistemler-ders-2pdf

UYARL Bu belge, el yazisi ders notlarindan Clavde (Anthropic) yardimiyla dijitale aktarilmistir.
Yardimcl kaynak olarak hazirlanmistir; hata veya eksik igerebilir. Litfen orijinal notlari ve ders
kaynaklarini esas alin.

NOTICE This document was transcribed from handwritten lecture notes with the help of
Claude (Anthropic). It is meant as a supplementary resource and may contain errors or
omissions. Always check against the original notes and official course material.

Ayrik Zamanl Fourier Serileri

(Discrete-Time Fourier Series)

x[(n] = x(n+ NJ, Vn, N )

|
§
|

Periyodik bir isaret Fourier serisine agilabilir.

x(n] = Z x efwon

k=(N)

1 .
Xe = 5 Z x[n] e Jkwon

n=(N)
= Ayrik 2amanli periyodik bir isaretin Fourier seri agilimi sonlu seri olup, yakinsaklik problemi
yoktur.
Reminder: Ayrik zamanli karmasik Ustel isaretler (&) 27nin katlar olan frekanslarda aynidir.
Temel fonksiyon: glkwon = VYi(n], k=0,F1,F2,...

P[], wo = 21/N temel frekansinin kwg seklinde katlar olan frekanslara sahip oldugundan
harmonik olarak iligkilidir ve burada N farkli isaret vardir.

Pr[n] = branlnl

ispat:
ejkwon ,—?_ ef(k+N)won - ejkwon . eijon - ejkwom . ej27m il efkwon
T ~—~—
Nwg=2m 1
N Z kwon _ N, k=0,FN,F2N,...
£=(N) 0, disinda

Karmasik Ustel isaretler sabit olmadikga bir periyottaki dederlerinin toplami sifirdir.

'Claude notu: toplam indisi muhtemelen n = (N) olmali (kosul k Gzerinde; asadidaki ispat da n Gzerinden toplar).
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f§AFet/er ve Sictemler Ders 7 = Ayrik zamanl, Fourier ceriferi

Ispat:
qtN-1 N-1 N-1
Z ejkwon = Z ejkwo(qum) — e}'kwoq ejkwom
n=q n=0 n=0
i 14 JkawoN
= ejkwoq [ﬁw] = 0, k # PN
= T
woN=27
qtN-1 qtN-1 q+N-1
k=pN — Y PNwon= %" gempn= y 1=y
n=q n=q n=q
— jkwon —jrwon T
= x[n] = Z x, e — e carpip, N terimli toplam
k=(N)
Z X[”]e—jrwon — Z Z X, gkwon  o—jrwon _ Z X Z e}'(k—r)won =x,-N
n=(N) n=(N) k=(N) k=(N)  n=(N)

N, k=r
0, disinda
Xr = Z x[n] e™"Co"
n=(N)

= Ayrik 2amanli Fourier serisi agiliminda, FS katsayilar x,larda N periyodu ile periyodiktir.

Xk = Xk+N

Ispat:

n]= Y xedCon = N sy [n)

k=(N) k=(N)
= Xoll)o[:n] + X11|)1[Vl] +r..+ XN_111)/\/_1[:V1] — k=012,...,N—-1
= xbi[al + -+ xy_rpyor[ad + xpbp(a) — k=12,...,N
Yo[n] = Py[na] oldugundan xg = xp olmalidir.
Ornek
Ex: x[n] = sin3wgn isaretinin FS katsayilarin bulunuz ve N = S igin Fourier spektrumlarini
giziniz.

1 . o 1
X[”} - sz [6130)0“ e _]3on!:| s & 5] J ——j/2
) k=F3 —
— kwon
X[Vl} - Z Xkej ? X_3 = _% :_}/2
k=(N) )

. x3 = —jf2 — Ix3| =1/2 ve 03 = —71/2
X = (xk|e’9k — 3 L 3 3

x_3=j2 — |x_3|=1/2veb_3 =m/2

L X3 = Xg = X13 = -+~
Xk = Xle+rN ’
N=S X_3 =Xy =X ="
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112j 112j 112j 112j 112j

Genlik spektrumu

71/2 /2

—71/2 —71/2
Faz spektrumu

Orneb
= . (27 27 an s
Ex: x[n] =1+ sin 0 + 3 cos —0 + cos T + >

wp = 21/N

L l jwon _ ,—jwon E jwon —jwon l (2won+m/2) —j(2Qwon+m/2)
x[n]—1+2,{e10 e O}+2[efo+e O}+2[e1 & te & ]

Xo’—‘T
3 1319 —>|X1|:\/(3/2)2+(1/2)2:\/ﬁ/2
allak TRl 112
TR B el Ll Ly |11,
I Xt = x_; 01 = tan <3/2> tan™"(1/3)
e R TR s v — x4 = V10/2
T e ] 22 x_l /
0_1 = tom'1(1/3)
__1 '71/2__1.
r2l” Ee} "2 X5 = x_y — |xol = Ix_ol = 1/2
2’- —
7 e T 6, =72 | 0o =—mf2
EF3 5

= x[n] isareti reel oldugundan x} = x_;"d.

[x¢l Vi0/2 Vi0/2
1
112 112 .
-N -2-10 1 2 N 2N k

Genlik spektrumu
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O«

/2 /2 /2
tan~1(1/3)

—tan™'(1/3)
—7/2 —7/2 -2

Faz spektrumu

— Ornek
Ex:

Ayrik 2zamanli periyodik dikddrtgen dalga isaretinin £S katsayilarini bulunuz.

1 H -
LT —jkwon — —jkwon — " —jlwo (n—Ny)
=N Z xn] e N Z e N Z e
n=(N) n=—Njy n=0
1 kwors S Lk = 1=a"T
— ' jkw —jkwon . . il
Xk Ne’ AL Z -l —— Reminder: Za —
n=0 i=0
11 1 — g Jkwo(2N1+1) .
xp = —elkwos ? : «— Reminder: 1—e 0 =
N 1 — e—Jkwo

o—Jkwo(N1+1/2) [ejkwo(/\hﬂ/z) _ e—jkwo(N1+T/2)]

1 -
Xk = Ne}kwo/\h

o—jkwol2 [é,jkwo/z | e—jkwo/z]

1 sin(kwq (N +1/2))

= ) k# 0, FN,F2N,...
S sin(kwop/(2) i
2N7 +1
X 7 /1\/ . k=0,FN,F2N,...

Parseval Teoremi

1
o=y X WP Y Il
n=(N) k=(N)

Ayrik zamanli periyodik bir isaretin ortalama gicy, bitin harmonik bilesenlerin (ki bunlar N

tanedir) ortalama giglerinin toplamina esittir.

Ayrik Zamant Fourier Serisinin Ozellibleri

2
x(n) = x[n + N}, wo = WW

x[n] AL Xk

m+

2Claude notu: Ust sinir M olduguna gére muhtemelen 1—a™* olmali.
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FS
1) Carpma:  x1(n] - xo[n] = Z X1,0 X2 k—l
t=(N)
Ispat:

xi{n)xa[n] = Z xp 00N Ny g eftwon
(V) t=(N)

1 N-= N—T k+N-T
sznkxz,eé‘"(“@w"” = Z Z X1, X2,r—k € 00"
= r=k

k=01t=0 k+=r k=0
= fravpn
= Y XiXar—k e
r=(N) k=(N)
dr
- ejrwon 3

2) lk fark (first difference): x[n] —x[n—1] ey (T = e’jkw0> Xy

Ispat:
x(n-1]= Z X¢ lkwo(n=1) = 5—jkwo Z Xy gkwon — e—jkwox[n]
k=(N) k=(N)
x[n] = x[n—1] = x[n] — e F*@ox[n] = (1 - e‘jkwo) x[n] N (T - e‘jkw0> Xi
= Ornek
Ex: ES katsayilarin bulunuz.
x[n] 2
1
HHMIHMIHMI :
_s 0 S
N=5
x1(n] 1
H_._I_I__I_,_._I_I_I_,_._J_J_I_,_._)n :}[\/1:']\/@/\/:50[0\“
- e’ > periyodik dikdortgen dalga
xalal Galnd)
AT -,
-s 0 S
x{n] = xi[n] + xan]
1 sin(kwo (N +1/2)) 1 sin(37k/S)
— , k#O,FN,F2N,... (A i
= | sinkwor2) TN, F _ )5 e k#0,FS,...
LA €= 0, %N, T2\ le 35, €= 0,%5,F10,...
—,:

{1, k=075, 710, ...

a
1 R 1
X5 4= = x5[n] ecwon —— X909 = — xo[n]l=1= x5, =
26"y 2_ x2ln] o 29 5Z oln] 2k= V0, k+#0,%5 710,...

k=(N) N=5 k=0

3Claude notu: muhtemelen dy olmali.
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x{n) = xaln) + xaln] o e+

1 sin(37mk/S)

x,={ S sin(mk/s)’
8/s, k=0,75,710,...

k# 0,F5,F10,...

1= Ornek

Ex: Bir x[n] isareti, asadida verilen dzellikler ile belirlenebilir mi?

1) N = 6 periyodu ile periyodiktir. ’wo = 2n/N = 7c/3‘

S

2) Y xn)=2
M;O

3) > (-1)'x[n] =1
n=2

4) x[n], yukandaki Ug 8zelligi saglayan isaretler arasinda minimum gice sahiptir.

: 1 —i —1 _
2) x alry Z x[n] eV o[upxo—N Z x[(n] — Nxp = Z x[n]

n=(N) n=(N) n=(N)
Nxg =2 — XO=2//\/=T/3
3) Nx, = Z x[n] e Jkwon = 4

n=(N)
(=" = e i __ orin = g—jkwon __, 4 — LI Zi =3
Wo ?”
X3 = 1/6

=
4) Py = Z x|? = Z Ix¢l? — xo = 1/3 ve x3 = 1/6

k=(N) k=0
Minimum gUgll olabilmesi igin x1 = x2 = xq = x5 = O segilir.
. ] . 11 1
x[(n] = Z xp @F00N = x4 x5 &f3W0N ? xo +x3&™ = ol g(—1)”
k=(N) wo=/3

x(n] 112

I{I‘Hr---n

-3 2 1|0, 1 2 3

Ayrik zamanh (T cistemlerin periyodik igaretfere cevabi

A" hn]—— A2"H(2) , H(2) = Z nk)z—*

k=—00

4Clavde notu: muhtemelen %Zn:(/\/) x2[n] e €L olmali (k = 0 icin sonug degismez).
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y[n] = x[n] *x h(n] = Z hk]x[n— k]

k=—00

(o] o0
= Z nk]Az""* = Az" Z nk]z=% = A2"H(2) — A2": 82 fonksiyon
— H(2): S2deger

k=—00 k=—00
2H(2)
=pb= oW
Adiwn h(n] AU H(Y)
. (X> .
H(Y) = Z h(n]e " . Frekans cevabi (frequency response)
n=-0c0
x(n] = Z Xk gkwon in] yln] = Z Xk H( o) el won ? Z Ye glkwon
Ornek
Ex: h[n] = «"u[n], -1 < x<1vex(n] = cos (2/\/”) ise y[n] =7
x[n] = cos %m = cos(won) = ! [ejwo“ + e‘jwo“} —) X) = X1 = N
N T 2 T 2
3o
B o0 I o0 5 . 6] n
H(®) = Z h(n]e " = Z oale IV = Z (oce'iw)
n=—oo n=0 n=0
- 1
: . k —
—— Reminder: Za N lal <1
k=0
T 1
T— e W

; 1
= xp H(@Y0) = ——————
Y1 1 ( ) b (,, — o(e—JwO)

Y = xg H(EO0) — ]
1= x_qH(eIwoy= —
Y1 X1 (e ) 2(1—0(8}0"0)

yln) = D ypd0on = 41 o 4 y_qeIon

k=(N)
1 1 ; 1 1 ;
= ————— | YN — [ ———— | e IPON
ylr] 2 <1—oce‘l‘”0> 2 <1—ocelw0>e
T
1— xe™JWo

yln] = %rejeeiwo” + lre'jee'jwo” = % [ej(wo”w) + e'j(“’o”+e)] = rcos(won + 0)

Ayrik 2amanli periyodik dikddrtgen dalga isaretinin FS katsayilarini bulunuz.
1 g & n
P —jkwon — —jkwon — —jlwo(n—Ny)
Xk,NZX[Vl]eJ 0 ,_NZQJ 0 ,NZQ.’ ¢} 1
n=(N) n=—Njy n=0
7/8
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1. 2N Mo g g
Xy = Ne’/‘wONT Z gTcoon —— Reminder: Z a = A
n=0 i=0
1 1 1 — g—Jkwo(2N1+1) . . ) )
x, = —elkwoli g : —— Reminder: 1— e 9 = ¢J0/2 | 02 _ ,=J0/2
“ N 1= e’kaO

o—Jkwo(N1+1/2) [ejkwo(NTH/Z) _ e—jkwo(N1+T/2)]

Xe = L gikwon : : :
N e—kao/Z [e)kwo/2 —| e—)kwo/2]
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