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Kontrol Sictemleri

Root (ocus
Original notes: Control-Systems-lecture-10.pdf

UYARL Bu belge, el yazisi ders notlarindan Clavde (Anthropic) yardimiyla dijitale aktarilmistir.
Yardimcl kaynak olarak hazirlanmistir; hata veya eksik igerebilir. Litfen orijinal notlari ve ders
kaynaklarini esas alin.

NOTICE This document was transcribed from handwritten lecture notes with the help of
Claude (Anthropic). It is meant as a supplementary resource and may contain errors or
omissions. Always check against the original notes and official course material.
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Al possible root locations of a cystem

— For higher order systems the “degree” of polynomial in the characteristic equation is high!

— Finding root becomes difficult

2(s) —()—] « G(s) c(s)

H(s)

accuracy — TF + R(s)
C(s) _ k G(s)
R(s) 1+ kaG(s)H(s)

stability — 1+ k G(s)H(s) = O

Quality of response (ts, tp, M) Gl4) = Na(s)
5t Da(s)
Ng(s) = Numerator, Dg(s) — Denominator
Np(s)
H =
© 2u
R(s) —(X) G(s) C(s)
Jz‘-xf(s) k
Cls) . G(s) . Nglbg NGDx
R(s) 1+ kaG(s)H(s) 14 k% Nu  DgDy + kNgNy
DL D,
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cite ) 2eres of TF = "2eroes” of G + "poles” of H
poles of TF = DDy + kNgNy =0 — k=0 = DDy =0 (Dg — poles of G, Dy — poles of H)

By changing ‘k’ roots of the characteristic equation change from ‘poles’ to zerd’ of the ‘open loop’
TE

DsD
kT oo= NgNy = —% 0 (Ng — zeroes of G, Ny — 2eroes of H)

\

G(s) s+5 — 29=-=5
S)F /=
5(5+T)(5+2) — P1=O, P2:——1, p3=——2

Im
Re
21 p3 P2 |P1
Vector representation in complex plane
Im o
Whon-- : o+jw =re® = /0
R=1Vo02+w?
o e 0 = tan™' (8)
o
origin of complex plane to s'.
Rsinb=wit—r————1—1—
)2 .
R =10 500
=20 RcosB = o
s =Rcos0 + jRsinb
s is complex
F(s)=s+b for any complex s, we'll end up to as a complex number

s=0+jw
F(s) = (o + b) + jw = M/0

M =+/(c+b)2 + w2

o= fon ()
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I
-------- F(s) W= =lpls
W /yi w
0 /4 1
Re —b o
-
o+b
Starting from origin of s plane Starting from origin of F(s)
s+a
F(s) = origin of s + a (numerator
()= 572 orig ( )

o+jw+a _(0c+b)—jw
o+jw+b (0+b)—jw

s =0+ jw = F(s)=

)Q]QjGT }229)'02

—_———
F(S) = [(G+b)2 +Jw] [(G+b) —Jw:‘ 1
(o0 +b)2 + w?

o
Im
w
2 %
P |
b —a o

Fs) = MR M| iei-p2) = gy o Im
Mz 3162 M2 o
ey = I+ 2) _ (s+2)(s+25)- | &

H;Z1(5+Pi) (s+p1)(s+p2):--

at any s, the function value is a complex number (in general) which has a “magnitude” and a
Ilpho\sell

= Mq- My --- My
Tl
1772 m
0= Z Phases of Numerator — Z phases of denominator
s+1

Fls) = (s+2)s

What is the function value at s = =3 + j4

1Claude’s note: probably (o + a) + jw, ie. the numerator o + jw + a.
2Claude’s note: the product of the two terms would give %ej(e”eﬁ, not a sum.
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(Trial
point) s 4
: 25
R3
: 93 1\92
-3 2 3 Jo g
| My magnitude = V22 + 42
For Ry

phase B1 = m— tan™' (g)

- My mag = V32 + 42
For 5 q
=7m—-t =

By =m—tan <3>

e M3 = V12 + 42
or K3
Bz = m—tan(4/1)
m
m= 1
MoMs

numerator Denominator

4 We need some criteria to check if the trial points (s) on the complex plane can be accepted as
root of the characteristic equation

&(s) —@Q——{ & —{a(s) —— )

H(s) (<

cs) _ k G(s)
R(s) 1+ kaG(s)H(s)

14+ kGI)H(S) = 0 = G(s)H(s) = _% +0j

magnitude: |G(s)H(s)| =

1
k
phase: Z G(s)H(s) = tan™ <%/k> = =180(2i+1) i=0,1,...

T because its negative

Any point like ‘s’ which satisfies both conditions would be our point of interest (root of
characteristic eq)

The locus of points satisfying the phase condition constitutes the root locus plot of the system.
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Steps of Drawing
1- Find the OL zeros and poles and show on the s plane
Qs) _ C
T+kG(s)H(s) = 1+ k@ =0 = P(s)+kQ(s) =0

if k=0 = P(s) = 0 = poles of OLTF  x symbol

if k Too= Q(s) = _;k@ 0 = Q(s) = 0 = zeros of OLTE o symbol

2- Check the validity of point on Re’ axis

Y el - 4 L~ velid
““ —
el"’h":‘ Lve O"i‘,oo SR blge
0's - AOE g
470

ik 360 patualig

original drawing, p. 5

* So if the number of zeros/ poles on the right hand side of the zone is odd), then it passes the
phase condition

A ifk=0— k=00

— roots move
v v v

PE=H—> * poles of CL
Start at poles of O.L.
end at zero ” O.L.

o))
S—X—3¢ >

original drawing, p. 6

Complex polesfzeroes not effect the acceptable 2one at the real axis

Clavde ile dijitallestirildi - hata igerebilir / Digitised with Claude - may contain errors 5/7



Kontrol Sictemleri Root (ocus

3 poles, 1 zero
Im

All poles have to married with zeros :)
® 0 © ¢ |0 if they can’t they go to infinity :(

3- Acymptote determine

if the number of poles and zeros are not the same
Then there will be some asymptotes for the root locus
poles : n = n—m: number of asymptotes
2eros 1 m
‘n’ is usually larger than ‘m’

* Number of Branches is equal to n’

2i+1)180
Angle of asymptotes @ = %,

n—m

i=01,2,....n—m—1

> real part of poles — > real part of zeros

x Centroide of asymptotes s’ =

n—m
| [ +1)180
: @:%:(2/”)%
tqQ°
o< DR i=0— @ =90
-5 -2 1| loj i=1—®, =270
: 0-T-2)-(-5
centroid:( 5) ( )=+T

n—m= 2 = No of asymp

Determine the breaking pointe

* Branches leave (break out) or enter (break in) the real axis at 90°
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original drawing, p. 7

The characteristic eq,
Q(s)
P(s)

P(s)+kQ(s)=0
P(s)

T+ k

k=—-—+%
7 a)
: s dk
repeated root occurs at point of break infout = ' =0

< PQ-QP=0
All break points are solution of this polynomial. But not all solutions are break infout points
Only root of the given expression are acceptable that give a positive gain!

The other approach is that the break infout point must be on the valid z2ones of the real axis.
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