GTU - Elektronit Miihendicligi

Kontrol Sictemler:
Modeling, (aplace Transform & Partial Fractions

Original notes: Control-Systems-lecture-2.pdf

UYARL Bu belge, el yazisi ders notlarindan Clavde (Anthropic) yardimiyla dijitale aktarilmistir.
Yardimcl kaynak olarak hazirlanmistir; hata veya eksik igerebilir. Litfen orijinal notlari ve ders
kaynaklarini esas alin.

NOTICE This document was transcribed from handwritten lecture notes with the help of
Claude (Anthropic). It is meant as a supplementary resource and may contain errors or
omissions. Always check against the original notes and official course material.

Modeling Dynamical Systems

— Expression of system’s behavior by some mathematical relations obtained by setting
reasonable assumptions. Differential €q, Integral €q, Integro diff Eq

Differential Equations

« partial: number of independent variables is more than one continuous system
9%¢c d%¢ d%¢ 0%¢c
a +a +a +a =r(t Linear PDE, order=2, degree=1
1552 T 025,72 T %3555 * Mo (I gree=1)
« ordinary: Lumped/discretized
d? d
a1I26 + aonE +azc = r(6) (Linear ODE, order=2)

ODE, 24 order, 3@ degree «+—

d4c dc 3
a1——= tar— t+ asc

22 3 +agc® =r(t)  — non linear x

x Lumped, discretizing (ayrik)

System Dynamics: Dynamical system
Response due to Initial conditions. — A system changing to the time
— static x
Systems .| — Dynamic (deterministic) v
non-static
— stochastic x

We have to talk about linear ODE’s that change respect time

We use laplace to change differential equation to algebraic equation.  (s2 + s+ a = r algebraic)
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Kontrol Sictemleri Modeling, (aplace Transform & Partial Fractions

(aplace Transform

L [f(t)]=J &St F(E) dt = F(s)

o
L 0
aplace operator

Differential theorem in laplace transform

L (%) = S”F(S) = 5”—1f(0) - 5”—2/"'(0) L. f(n—T)(O)

output is y input is x
aoy(”) + a1y<”—1) + 029(”—2) + ...+ any = bOX(M) + b.,x(M—T) + ..o+ bmx

(the order is n) (n > m)
Most general ODE for a system.

Assuming that initial conditions are 2ero (to ignore transient respons)

output
015'(4' 02X+ a3 f;\ = V(LL)
~—
input
x(t = 0) = xp
f((t = O) = )'(O

Tnitial condition: n-Te kadar y"=1(0), y(=2)(0), ..., y(0)
n tane bulunmakta

Laplace transform ||
(aps" + s T+ a9s" 2 + -+ an) Y(s) = (bos™ + b1s" T + basM T2 + o+ by) X(s)

output _ Y(s) _ bos™ + bis" T+ ...+ by,

Input ~ X(s)  ags"+a;s" 1+ +ay, = G(s)

Transfer function =

* The max order of derivative define the output of the system
this is independent to input (intrinsic definition of system)

G(s) = X - :’f) {(ﬁ)Z G(s)
response inpu
t t
L=y = JO x(t)g(t—T1)dt = Jo x(t-71)g(t)dt

Impulse function in frequency domain

X(s) =1 — Y(s) = G(s)

impulse response = TF. (Transfer function)
£7'G(s)] = 9(®)
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2ero initial condition
d3c d?c dc d?r dr

d—t3+3ﬁ+?$+5c=d—tz+4a+3r
£y $30(s) + 352C(s) + ?sC(s) + 5C(s) = s2R(s) + AsR(s) + 3R(s)

C(s) _ s2+4s+3
R(s) s3+3s2+25+5

Dynamical system representation

= C(s) = R(s) G(s)

=G(s) TF

Find the D.E for the transfer function

_2s+1  ((s) output
aSt s2+6s+2  Rs) input

(25 + 1) R(s) = C(s) (s® + 65 + 2)

d2c(6) de(t)
de2 5 dt

£ = 2rE) +r(e) = +2¢(6)

Linearity theorem:

L[kF(E)] = K- F(s)
LIAE) + ()] =Fi(s)+Fa(s)  Superposition.

Freq shift L[e *f()] = F(s + a)
Time shift  L[At—=T)] = e 5TF(s)

gca/ihg:
£ifta) = - ¢(2)
* Dif’f'erentian:

L (%) = S”F(S) - 5”—1f(0) - 5”—2F(O) N f(Vl—T)(O)

* Integration:
c U 7o) dt} ) @

x Final value: f(o0) = [irv(\J sF(s)
s5—

Initial value f(0) = sll%\o sF(s)
Table to know
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. =

>

original drawing, p. 4

f(6) F(s)
impulse 5(¢) 1
step u(t) 1/s
Ramp € 1/s2
(:VI—T
— 1/sh
(= 1) fs
oot 1
s+a
e—at t”—T 1
(n—=1) (s + a)n
. w
sin(wt) Zraz
s
t T
cos(wt) Zr a2
. w
sinh wt 2L a2
hwt °
cosh w Y.

Partial fraction expancion (PFE)

TE G(s) B(s) — numerator — roots of numerator polynomial = zero
F a(s) = —=%
A(s)  — denominator — " " denominator ” poles

case 1: Poles are distinct and with multiplicity of unity!
tekrarlanmaz, the poles are unique, differents, not repeat

_B(s) _ bp+bis+bys?t -t bys™

a(s) = i
() Als) apg+tas+tarsZ+-+aps
poles are A, A0, A3, ..., Ap.
2eros m
i r r I i i
= T)\ + 2}\ + ..+ ”}\ rn = residues of the function
s—=AN s—MAr s—MAn
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How to obtain the redisues.

n>m : strictly proper (for all physical systems)| v/

n=m :proper

n <m :not proper

Example:

= _ 4 =12 _n ro rs

s3+3s2+42s s(s2+3s+2) s s+1 s+2

S1 = 0
Roots are ¢ s5 = -1
sS3 = -2

_ ri(s+N(s+2)+ra(s)(s+2)+ra(s)(s+1)
s(s+N(s+2)

ri(s? +2s+s+2)+ry(s?+2s)+ra(s?+s)=s2-2

s9: 2r1 = =2
sl 3ri+2rp+r3 =0
5% ritrotry =1

* Second method of residue calculation:  r, = (s — Ak)F(s)‘ N
S=AL

= sF ’
r = sF(s) <=0
2 _ L
= i = '2 =11y
s2+3s+2ls=0 2
a(s) = % — roots are A,
(5 _ }\k)e(s) ) .
= UHopital
re Ae) = * UHopita
derivative of num. . B(s) + (s = A)B'(s)
im — = lim
s—A, derivative of den.  s—a, A (s)
more efficient
) e
k A’(s) s=A — onemf
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Example
V(0) = 1
v® _v=0 v(0) =0
v(0)=0
3
ld V:\/(3)
a3
L — s2V(s) - s2V(0) = sV(0) - V(0) = V(s) = 0
2
3 =2 =5
— V(s)(s?-1)=s° = \/(s)—sg_1
sE =151
—s3+52 | s?2 45+
sB -1
—s? +s
s—1
s2—1=(s=1) (s> +s+1)
—1=jV3
L s1=1 \52,3=%F
three poles of multiplicity one
V(S)" 52 _ r1 + ro + ra
S Y Y P . .
s2=T1 s—1T S+%+§J s+%—§1
.
s
kTS s
B(s) = s
Als)=s3 -1 = A(s) = 352
I
< 352 s=Ap
> _1
ry = =
3(MZ 3
INE
273
I
2173
2
D e
Tl sml sk S+ B2 s+ 5 -2

1_V3; ]
V) = £y = © et THFIE L eV

case 2) Distinct poles of multiplicity &;

B(s)

Transfer function G(s) = (s = M)Ei(s — Ap)e2 --- (s — Ak

Claude ile dijitallestirildi + hata igerebilir / Digitised with Claude + may contain errors 6/8



5 £-5)

Kontrol Sictemleri Modeling, (aplace Transform & Partial Fractions

n degree polynomial in the denominator: we expect n roots (poles)

_ Ny e Mk
s=A1 (s—M)? (s = M)&
r22 2k,
+ VAV B PR E YT
(s —A2) (s —A2)*2
—_——
"2,1
5—7\2
r r, r,
L | 0,2 St bk .
s=A (s=Mo) (s = A

= ki
rig = F =AY

Viki—j = ]'% (F(S)(S . Ai)k[) ’s=7\i

Example:

o= { AM=A=0 — moltiplicity 2

s2(s+1)

ri o r 1|
_1+2+3

55125+1

ro = 52 -T =
2 s2(s+1)ls=0
e d 1 1 _
" Wds \s+1)ls=0~ (s+1)2ls=0
ra= is) = ; = 1
3 Al(s) ls=—1 352 +2s  ls=-1
~—— —
From case 1 (s3+52Ynin tirevi

case 3 proper (n = m) and non proper (m > n) TFS

_B(s) _botbis+---tbys
A(s)  aptars+ -+ apsh

G(s)

* make at least some potion of TF. strictly proper (n > m)

A3 = -1 — multiplicity 1

Ss2+3 S\s2+3/5) 5 s2 + 3/5S

11 2/5
'5<1+52+3/5>

s¥+s3 252 +1
s2+2s2+5
5(53+52—25>+1
s3+2s2+s
_s(s3+ 252 +5)—s(252 +5) +5(s% = 2s) +1

241 1 < s2+1 )_ 1 <52+3/5—3/5+1

(non proper)

\

s34+ 252+

Tclaude notu: muhtemelen bus™ olmal.
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+—253—52+s3—252+1 L s2+3s2 -1
:S = —
s3+2s2+5s s3+2s2+5s
(s3+2s2+5)—2s2 —s+3s2 -1 s2 s 5
=5 3T oL2 i P Y
s>+ 25 +5s s>+ 25 +s
—

— s(s2+2s+1)

g(6) =8(&)+56(6) +...

s2—s—1

a2z olmali

2Claude notu: muhtemelen s — 1 —
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