GTU - Elektronit Miihendicligi

Kontrol Sictemleri
State Space and 2nd Order Systems

Original notes: Control-Systems-lecture-S.pdf

UYARL Bu belge, el yazisi ders notlarindan Clavde (Anthropic) yardimiyla dijitale aktarilmistir.
Yardimcl kaynak olarak hazirlanmistir; hata veya eksik igerebilir. Litfen orijinal notlari ve ders
kaynaklarini esas alin.

NOTICE This document was transcribed from handwritten lecture notes with the help of
Claude (Anthropic). It is meant as a supplementary resource and may contain errors or
omissions. Always check against the original notes and official course material.

State Space

2194 oyder DE. 2) 2 first order DE.

214 order
System of ¢ equations 524 2 first order DE.

(n)

— Example
X+ ox+ anx = v
x: output 2"4 order DE.

u: input

s &

original drawing, p. 1

\|

X =Y Y1=x=Y2
X:yz 92:)"(:U—(X1).(—O(2X
= U—xYo — XYt

Y1, Yo (circled): state variables
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State Space and 2nd Order Systems

Kontrol Sictemleri
Rl = + v
dt Y2 0y —oq] Y2 L e
—— — —— output
state variable vector (x) A X input vector (B)

aope— 0. =
O O"
E

T A

original drawing, p. 1

>
"
>
1
+
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Claude notu: muhtemelen input olmali.

State cpace reprecentation

— Fundamental operation (Mathematically) is two lower the order of DE to half. If you are

having 2n equation of 2"% order this method produces 4n DE. of 15t order.

* States of a system are the min number of variables to know at € = ¢ in order to describe the
dynamics (response) at any later time.
Example
Y+ oy +ary =0+ a3u, y:output, u:input
States can be y(0), y(0) — y(&) = v

— output
variables ¢ — input

— state

State cpace reprecentations

— physical variable v/

— phase variable v/

— observer x

— canonical variable
— controller x

In physical variable form we just look at the energy storing elements

2/16
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Kontrol Sictemleri State Space and 2nd Order Systems

Capacitor: %Cv2 Voltage: state variable
Inductor: SLi? Current "
Mass: %Iw2 /%mv2 ¢ : state variable

spring: %kxz

Phase variable form

> Cace 1: No derivative of the input

( t+ AL —u(t
— forward difference lim A )= )‘
At—0 At t=0
= =A
s @ — backward difference  lim vty =pld 7 t = —At
de At—0 At
(e 8)-ole- )
— central difference lim
At—0 At
y=v I - N P
I y=0 fory=0-y
y: output you have to know y(0), 4(0) ok.
y: output . .ol
) Ut input and U is given
vt input
order
y(”) + a.'y(”—T) + azy(“—Z) + ... 4 any = U
Xx1=Y
X2 = L X1=Y=x2
state variables X3 =y ot X2 ={§ =x3
Xn F y(”“”
Xn Xn—-1 X
).(Vl = y(”) =y 6119(”_1) — 029(”_2) SN e and
(5] [o 1 0 o] [x] [o
5(2 0 0 1 sl 0] X2 0
X3 = 0 0 0] 1T .- 0 x3| + 0| v
_Xm_ | —%n —Gp-1 —Gp-2 ' A | Xn| _7_

X = Anxn Xpx1 + Bux1 U

X=AX+8Bu — state space representation
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Kontrol Sictemleri State Space and 2nd Order Systems

_X1_
X2 I~ 0
Yyix1=|1 0 0 --- O | =X+ 0
. :
Xn
L7 ]
X
A state matrix
B:  input vector
C:  output vector
D: Direct-? transmission: matrix/vector
> Cace 2: Derivative of input ic present
LHS RHS

g"+a1g+a29+a3y = boU+b1(’)+b2(‘J+b3U

RHS — statically related (can be chosen) u: input, y: output

X1=Y X1=Y=x3
X274 — § X2=Y=x3
x3 = i) %3 = i = RHS — LHS

LHS: left hand side
RHS: right hand side

Burdan SS. formatina sokamayi2
O yizden bunu yapalim

y(”) + a.’g(n—T) + azg(”—z) +o o F any = bOU(n) + b.,u(n—T) + .o+ an

u: input
y: output number of state variables n

ezberlemeye gerek yok, gerekirse sinavda verilir
(
x1=Y—Pou
X2 =4 —PBo0—PB1u=x1- Py
x3 =Y —PBo0—P10—-Pau=x2-Pou

Xn = Xp—1 — Bn-1v

Bo = bo

B1 = b1 —afo

Bo =by—a1B1—a2B0
Buo1=bp_1—=a1Bp_2 == an_2B1—an-1Bo
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Kontrol Sictemler State Space and 2nd Order Systems

Phase variable form
X1 =4—Bo0=xy+ P
X2 =4—PBo0—P10=x3+pou
Xn = —OpX] — Op_1X2 — - — A Xn t+ Puu
(5] [o 1 o o0 - o] [x] [8i]
kz 0 0 1 o --- 0 X2 [.))2
= + v
| Xn | |—an —Ap1 —ap2 - —ar] |[Xn| |Bn]
X = AX + Bu
X1
X2
y=x1+Bou= [T 0 0 4. O} |+ (Bo)
. :
_Xn_
y = CX + Du
TE = Y(S) _ bos" + b15”‘1 +---+ b, 15+ b,
CoUs) s"tas T+t s+ an
— Example
LHS RHS
y + 6119 + 6129 + a3y = bou + b10 + sz + b3U
Bo = bo
B1= b1 —aBo
B2 = by —a1B1—azBo
B3 = bz —ai1fy — a1 —azpo
X1 =Y—bou
X2 =Y —bo0— (b1 —ar1Bo)v
X3 = §—bol— (b1 —a1Bo)0 — (b2 — a1y — azxBo)v
i &~ Figure: Top of the page: a pasted, low-contrast photograph of i
i a handwritten derivation; its legible parts are transcribed below. ',
i (in the original notes, p. 5) i
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X1=Y—Po0=x2+ Pu

X2 =Y —PBo0—Pru . 1 . .
X2 =y —PBoU—PB10=x3+Pou

x1=Y—Bou {

x3=y§—Pol—PB10—-Pou
Bo = bo
B1=b1—a1Bo
Bo=by—a1f1—azPBo

X3 =Y —PBoU—P10-Pou
= (—a1g—a29—a3g+bo ) +b10+b2(/+b3u)
- BoU = PB10—- P20
= {—01 (§—BoU—PB10—PB2u) —a1Pol— a1f10 — a1Bau
—ay (Y= PBo0U—PB1u) —azBol—azpiu
—a3(y-Bov) — 0‘3[500}
+boU+b1U+b20+b3U—BoU—61(')—[320
= —aix3 —agxxy —azxy + U (bo — Bo) +0 (b1 — B1— a1Bo)
0 0
+0(—aB1—axBo + by — B2)+u(—a1By —azB1—azPBo + b3)
0 B3

)'(1=X2+[51U
X2 = x3+ Pou Yy =x1+ Pou

X3 = —a1X3 — aXy — azx1 *+ B3v

X=AK+Bu — time domain
y= CX + Du
L:SS. — TF
sX(s) = X(0) = AX(s) + BU(s) — (sI—A)X(s) = BU(s)
X(s) = (sI - A)1BU(s) — Y(s) = CX(s) + DU(s)
Y(s) = C(sI - A)~'BU(s) + DU(s)

G(s) = % =C(sI-A)'B+D
— a vector of T.F
G(s) = % =C(sI-A)'B+D
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original drawing, p. 6

(-Co) > X 10 | ko
o —_— Cs
X - % b!"'_": > Y )
X3 | 4
5+
original drawing, p. 6

Y 1 Y
XEg = L — integration Xi; =s — derivative

X3 _ 1 xy 10 X1 1

xy s+1' x; s+5' R—x3 s
X9 = sx3 + X3 10x7 = sxo + 5xo sx1=R—x3

= sx3 = X3 —X3 =>sx3 =10x1—=5x2 =X =r—x3
= X3 =x3—-x3 = X3 =10x7 - 5x

X1 = —=x3+7r X1 0 o -1 X1 1
x5 = 10x71 — Sx3 — x5 =110 =5 0O xygp+t90pr
)'(3 = X2 —X3 5(3 0 1 =1 X3 0
QL) +
[oo st
>

original drawing, p. 6
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Kontrol Sictemleri

® El?; K_’[)‘ﬂs_)

original drawing, p. 6

Xor b - b -
o220 () sxa=bR-x)
X1 1
== = + —
g rale—x) s (2) sx1= x5 + a(R —x1)

State Space and 2nd Order Systems

1— Example
miyr = b1(Y2 — 1) — kayr + oy
MGz = ba(92 — Y1) —kaya +ua

mi, Mo : mass values
b1 : damping value these are all numbers
kq, ko @ stiffness values

U1, U inputs, Y, yo: outputs

S.S.
X1 = Y X1 = Y1 = X2
X2 = Y1 = X2 =41 = 'V111 [01(92 = 91) = kayr + v1]
3 m% [b1(xa — x2) — kyx1 + u1]
X3=Ya = X3 =Yz = Xa
Xa = Yo Xa =4y = 1L [=b1(92 = §1) = k2y2 + u2]

m2

1
= [=b1(xq —x2) = kax3 + U2]

\
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Kontrol Sictemler State Space and 2nd Order Systems

D1/fmy
! + | | | [
A1 + b + X Xe 3K X
w5 RN vy ICEM gy SRR
h%«/\
k1 [ma
X2
b‘l’r\b |

wp — 1 | —() L. P Af_— . x;&@_;s

original drawing, p. 7

X1 0O 1 0 0 ||x 0 0
k b b 1
i X2 = —M'E _’V"11 0 n711 X2 e m 0 U1
dt | x5 o 0 o0 1 X3 0 0| |uy
by 2 k b 1 S~~~
Xa| | O ~my" mmy mmsl [¥a] [0 mz]aen
\Y/ —— N—m———
X A X @ (2)(43)
SXZ :bE—X1b f(2 :br—)ﬁb
)'(1 =Xp + a(r—)q)

SX1 = X2 + a()?—X1)

—a 1 b
i X1 il a X1 n 4[r:|
dt | x- —-b 0] |x a
————
2x2
X = AX + Bu
y=Cx+0Du

2Claude notu: x4 denklemine (s. 2) gore A matrisinin (4,2) elemani muhtemelen +bi/mo olmal.
3Clavde notu: B matrisinin boyutu muhtemelen 4 x 2 olmali.

4Clavde notu: yukaridaki denklemlere gére muhtemelen {Z] olmali.
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It order cystem

I1I) Ramp Recponce

e X&)

Ts +1

original drawing, p. 8

r(¢) = ¢
1
R(s) = 2
1 1 51,2 =0
X(s) = R(s =
() ()Ts+1 s2(Ts + 1) 53:_;
A B C
= =+ -+
s2 s Ts+1
1
Ak s? (== =
(52(Ts+1)) s=0
d [ 5 1
Be= — N N S —
ds (S s2(Ts+1) /) Is=0
T 2
C=(Ts+1) ———< =T
( )52(Ts+1) s=—1
X(s) = | _|T| T2 |
s2 S Ts+1 5+%
fonl { X(6) = t—T+TetT
,beJL
! (u“ c‘_(-){r
0 > ©
original drawing, p. 9
g=1-et
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Kontrol Sictemleri State Space and 2nd Order Systems

\

e(t) = r(6) - x(6)

t-le-T+ Te—'f/T]

=T-Te T

@t=0-—e(0)=0
ET® = e(00)=ess =T

Accuracy is defined by ‘T

Ramp response = [ unit response = [[ impulse response

d
%(mrv\p resp.) = step resp.

d?2
W(mmp resp.) = impulse resp.
2nd order response
RLC in series o , ) e
V(s) (Cs?2+RCs+1 s2+ R8s+
RLC in parallel
D(s) _ 1 B 1/c
I(s)  Cs2+5+1 245+ 1n
Spring mass Damper System
X(s) il 1 _ 1/m
R(s) ms2+cs+k 24 stk
output _ X(s) _ w?

input ~ R(s)  s2 + 2Cwps + w?

wy, = natural frequency
¢ = 2eta = damping ratio

no zeros but 2 poles are present
s2 + 2Cwpus + w% =0

—20wn = 1/(20wn)? - 4w
51,2 = 2

= —lwp = wpV 2 -1
= Wnp (‘Ci' \/ﬁ>
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Underdamped Systems

if { < 1= complex conjugate poles (always oscillatory)

original drawing, p. 10

eritically damped cystems

(sorry) if £ = 1= repeated real valued poles

\‘,T¥\

original drawing, p. 10

if (> 1= seperate and real valued poles overdamped system

Homework (homogen solution)

Recponce due to external excitation (particvlar colution)

C(s) _ wj
R(s) 52+ 2Lwps + w3

Specify the input
T) Impulse excitation R(s) =1

case I) (<1
Cs) _ w3
R(s) ~ (s + Cwn —iwg)(s + Cwp + iwy)
_ A " B

s+ lwy—iwy s+ lwy+iwyg

125 Wp (—c /2L 1)

=—Cwp =i Wn 1—C2

~—_—
damped natural freg, = wy
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The response frequency for damped systems is wy

c(s) A . B S0
R(s) s+ lwn—iwyg s+ lwy+iwy
Wi

s+ (wy +iw
n d s=—Cwptiwy

R (R S
s+ Cwp —iwy

c(t) = Ae(—(:w,.+iwd)t ¥ @e(—Cwn—iwd)t

o—Cwnt <A o/Wat 4 Be—iwdt)

a e~ Cwnt

s=—Cwp—iwy

\\

\

cos wyt

original drawing, p. 11

el% = cosa + isina el 4 g—in
) T — —————— =cosx
e '* = cosa—isinx 2
case IT) (=1 ; s12 = —Cwy
AN
C(s) _ w? A 6

)2(5) B (5 + Cwm)z T s+t Cwp i (S + Cwm)z

critical damping

c(t) = ﬁeGC-m}wt + ée(—éﬂ/@j) Wnt
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2ud order cystems

(<1 51,2 = —Cwu £ iwgy
S~~~
Re Im

(: =1 5112 = —Cwy, Re
~—

repeated
C>1  s1p= —Cwp V2 -1°
Re distinct
(_f-reqwengj
® & oxcilates )
N v
e """b 4
s e % X > _
Lt Y
decsy> x : J
6.0«.-59‘/
x L4

original drawing, p. 11

If poles are C.C. — response is oscillatory and decaying

AN\
% --._\\/_‘—\____.
4 e ——
VNS =
-

original drawing, p. 12

5Claude notu: muhtemelen —Cwn = wp/ 2 =1 olmali.
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for ¢ > 1
51 = —Cwp + V2 -1
52:—(,(1)”—\/(,2—1

c(t) = Aes1t +8e2t N\ decay fastly

this is the most important part

Step response calculation

(just for £ < 1)

c(s) _ wi
R(s) 52+ 2lwps + w2
3
2(s) = -
(0=
~ w? A Bs+C
C(s) = NT ¢ = 5
s<s2+2Cwns+w”> S 5%+ 2Cwps + wj
B 1 s+ 2Cwp
s 524 20wps + w2
1 s+ (wp Cwp
S (s+lwp)2+wd  (s+ wp)? + w3

74(1) Wy = wp/1-72

w

L {e’“t sin wt} =4 |

(s + a)2 + w?

+
L {e'“t sin wt} q-| | ST¢ |
(s + a)2 + w?
‘C(,Unt

c(t) = £ {c(s)} =1- e~ Wnt cos wyt — Ce sinwyt

V1-02
\/% sin wdt)

c(t) —T—ﬂsin w t+tan‘71;cz
V12 i G

®Claude notu: muhtemelen cos wet olmal.

=1— g Cwnt (cos wgyt +
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“ /)'—-.Bmt'

/Y-—-__

Al !
g

original drawing, p. 13

e—C(,Umt

e(t) =r(t)—c(t) = \/ﬁ

sin (wyt + ¢)
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