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2nd/higher order systems, time-domain specs
Original notes: Control-Systems-lecture-7.pdf

!

UYARI Bu belge, el yazısִ ders notlarından Claude (Anthropic) yardımıyla dijitale aktarılmıştır.
Yardımcı kaynak olarak hazırlanmıştır; hata veya eksik içerebilir. Lütfen orijinal notları ve ders
kaynaklarınִ esas alִn.
NOTICE This document was transcribed from handwritten lecture notes with the help of
Claude (Anthropic). It is meant as a supplementary resource and may contain errors or
omissions. Always check against the original notes and official course material.

orig. p. 1

In second order eq

G(s) = ω2n
s2 + 2ζωns +ω2n

s2 + 2ζωns +ω2
n = 0


ζ < 1 → s1,2 = complex conjugates
ζ = 1 → s1,2 = repeated poles and real
ζ > 1 → s1,2 = distinct real roots

original drawing, p. 1
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ωd = ωn
√

1 – ζ2

s1,2 = –ζωn ± jωd

e–ζωnt
(
cosωdt +

ζ√
1 – ζ2

sinωdt
)

Higher order Systems

X(s)
U(s) =

zeros of the system︷ ︸︸ ︷
b0sm + b1sm–1 + b2sm–2 + · · · + bm
sn + a1sn–1 + a2sn–2 + · · · + an︸ ︷︷ ︸

poles of the system

m < n

X(s) = ” U(s)
Step inputs are mostly used in analysis.
If the poles are real and distinct

X(s)
U(s) = r1

s + p1
+ r2
s + p2

+ · · · + rn
s + pn

=
n∑
i=1

ri
s + pi

residual︷︸︸︷ri = (s + pi)
X(s)
U(s)

∣∣∣∣∣
s=–pi

X(s) = U(s)
n∑
i=1

ri
s + pi

If U(s) is unity (impulse) ⇒ x(t) =
∑

ri e–pit

orig. p. 2 If U(s) = 1
s

X(s) = 1
s

( b0sm + · · · + bm
sn + a1sn–1 + · · · + an

)
= r0

s + r1
s + p1

+ r2
s + p2

+ · · · + rn
s + pn

⇒ x(t) = a0 +
n∑
i=1

ri e–pit

if poles are not all real valued

for U(s) = 1
s

X(s) = a0
s +

q∑
j=1

aj
s + pj

+
r∑

k=1

bk(s + ζkωnk) + ckωdk
s2 + 2ζkωnks +ω2nk

‘q’ poles are real valued
‘2r’ poles are complex valued

q + 2r = n
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x(t) = a0 +
q∑
j=1

aj e–pjt +
r∑

k=1
bk e–ζkωnkt cosωdkt

+
r∑

k=1
ck e–ζkωnkt sinωdkt

ωdk = ωnk
√

1 – ζ2k

if z1 = p1 ⇒ r = 0
zero and pole cancelation
if poles go most further to the jω axis the residues decrease

original drawing, p. 2

what we need

Stability
Accuracy (error)
Quality of response

orig. p. 3

Quality of response

→ it focus on how we get to the steady state response
& later we’ll be covering accuracy and stability of response as well.

original drawing, p. 3

Claude ile dijitalleştirildi · hata içerebilir / Digitised with Claude · may contain errors 3 / 11



Kontrol Sistemleri 2nd/higher order systems, time-domain specs

original drawing, p. 3

damping : Re : ζωn = σ (sigma)
Freq : Im : ωn

√
1 – ζ2 = ωd

ζ = 1 critically damped case
settles down (gets to the final response) in the minimum amount of time

original drawing, p. 3

orig. p. 4 ζ < 1 : time needed to get from 0% to 100%
ζ > 1 : ” ” ” ” ” 10% to 90%
rise time (tr)

c(t) = 1 – e–ζωnt
(
cosωdt +

ζ√
1 – ζ2

sinωdt
)

1 = 1 – e–ζωntr
(
cosωdtr +

ζ√
1 – ζ2

sinωdtr
)

︸ ︷︷ ︸
0⇒ cosωdtr +

ζ√
1 – ζ2

sinωdtr = 0
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e–ζωntr can not be zero in finite time
only when tr → ∞ → e–ζωntr → 0

1 + ζ√
1 – ζ2

tanωdtr = 0

tanωdtr =
–
√

1 – ζ2

ζ

⇒ ωdtr = tan–1
(–√1 – ζ2

ζ

)
⇒ tr =

1
ωd

tan–1
(–ωn

√
1 – ζ2

ωnζ

)
= 1

ωd
tan–1

(ωd
–σ

)
= π – β

ωd
= tr

original drawing, p. 4

l2 = (ζωn)2 +ω2
n (1 – ζ2)

l2 = ω2
n

cosβ = ζωn
ωn

= ζ

β = cos–1 ζ

peak time (tp):
dc
dt = 0

ζωne–ζωntp
(
cosωdtp +

ζ√
1 – ζ2

sinωdtp
)

– e–ζωntp
(
–ωd sinωdtp +

ζωd√
1 – ζ2

cosωdtp
)
= 0
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orig. p. 5 ⇒ e–ζωntp
(
ζωn cosωdtp +

ζ2ω2n
ωn

√
1 – ζ2

sinωdtp +ωd sinωdtp –
ζωd√
1 – ζ2

cosωdtp
)
= 0

(ζ2ω2n
ωd

+ωd
)
sinωdtp = 0

⇒ ωdtp = π,2π,3π, . . .

tp = π

ωd

c(tp) = 1 – e–ζωn π
ωd

( –1︷ ︸︸ ︷cosπ+ ζ√
1 – ζ2

0︷︸︸︷
sinπ

)
= 1 + e

– πζ√
1–ζ2

%Mp = c(tp) – c(∞)
c(∞) × 100%

Mp = 1 + e
– πζ√

1–ζ2 – 1 = e
– πζ√

1–ζ2

= e
– πζωn

ωn
√

1–ζ2 = e–
πσ
ωd

Settling time (ts)
c(t) = 1 – e–ζωnt

(
cosωdt +

ζ√
1 – ζ2

sinωdt
)

original drawing, p. 5

c(t) = 1 – a1 sin(ωdt + α)︸ ︷︷ ︸
–1<”<1

= 1 ± a1
sin(ωdt + α) = sinωdt cosα + cosωdt sinα

orig. p. 6

c(t) = 1 – e–ζωnt
(
cosωdt +

ζ√
1 – ζ2

sinωdt
)

c(t) = 1 – e–ζωnt√
1 – ζ2

(√
1 – ζ2 cosωdt + ζ sinωdt

)
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sin(ωdt + α) = sinωdt cosα + cosωdt sinα{
cosα = ζ

sinα =
√

1 – ζ2

⇒ tanα =
√

1 – ζ2

ζ

α = tan–1
(√1 – ζ2

ζ

)
= 1 – e–ζωnt√

1 – ζ2
sin

(
ωdt + tan–1

(√1 – ζ2

ζ

))
bounding curves : 1 ± e–ζωnt√

1 – ζ2
=
{
1 ± 0,05 5%
1 ± 0,02 2%

5% ⇒ e–ζωnts√
1 – ζ2

= 0,05 ⇒ e–ζωnts = 0,05
√

1 – ζ2

⇒ –ζωnts = ln0,05 + ln
√

1 – ζ2

⇒ ts = –ln0,05
ζωn

– ln
√

1 – ζ2

ζωn︸ ︷︷ ︸
0

for small ζ values

⇒ ts =
3

ζωn
= 3T because 1

ζωn
orig. p. 7

tr =
1
ωd

tan–1
(–ωd

σ

)

original drawing, p. 7

tp = π

ωd

original drawing, p. 7

Claude ile dijitalleştirildi · hata içerebilir / Digitised with Claude · may contain errors 7 / 11



Kontrol Sistemleri 2nd/higher order systems, time-domain specs

Mp = e
– πζ√

1–ζ2

original drawing, p. 7

smaller
ts =

3
ζωn

or 4
ζωn

original drawing, p. 7

Mp and tr are contradictory !!
td = ? delay time

1
2 = c(t)

Example
Step response of a 2nd order system is given
find the approximate T.F

original drawing, p. 7
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orig. p. 8
tp = 0,01

Mp = 0,3 = e
– πζ√

1–ζ2 ⇒ ζ = 0,356

tp = 0,01 = π

ωd
→ ωd = 100π ⇒ ωn

√
1 – ζ2 = 100π

⇒ ωn = 336
C(s)
R(s) = ω2n

s2 + 2ζωns +ω2n
= (336)2

s2 + 2(0,356)(336)s + (336)2
Example
C(s)
R(s) = k

s2 + as + k for step input

k,a = ?
Maximum overshoot ≤ 10%
Settling time ≤ 1 sec (5%)

Mp = e
– πζ√

1–ζ2 ≤ 0,1 ⇒ –πζ√
1 – ζ2

≤ ln(0,1)

⇒ πζ√
1 – ζ2

≥ ln(0,1)1 ⇒ ζ > 0,6

ts =
3

ζωn
≤ 1

ζωn ≥ 3{
ζ = 0,7

ζωn = 4
⇒ ωn = 4

0,7{
ω2

n = k
2ζωn = a

orig. p. 9

SISO Tool Matlab

original drawing, p. 9

1Claude notu: muhtemelen ≥ – ln(0,1) olmal .ִ
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Example
Find the specific location of poles on the s plane
a) Mp = 12% , ts = 0,6 sec ? stable
b) Mp = 10% , ts = 3 sec

Mp = 0,12 = e
– πζ√

1–ζ2 ⇒ ζ = 0,559

5% ts =
3

ζωn
= 0,6 ⇒ ωn = 8,94 rad/s

original drawing, p. 9

ζωn = 0,559 · 8,94 = σ1

β = cos–1 ζ = cos–1 0,559 = 56◦

p1 = –σ1 + j
ωn

√
1–ζ2︷ ︸︸ ︷

ωn sinβ
p2 = –σ1 – jωn sinβ

orig. p. 10

Find ζ for the given C.L.T.F.

G(s) = 1638 (s2 + 2,6 s + 1,63)
(s + 3,24)︸ ︷︷ ︸
real pole

(s + 0,855 + j0,672)(s + 0,855 – j0,672)︸ ︷︷ ︸
c.c. pole

(s + 5,24 + j6,56)(s + 5,24 – j6,56)︸ ︷︷ ︸
c.c.

with negative real part

with negative real part
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original drawing, p. 10

The system is combine of 2 second degree systems
by looking to the dominant poles 2 can be found

tanβ = ωd
σ

= 0,672
0,855 → β = 38,16◦ ⇒ ζ1 = 0,78

tanα = 6,56
5,24 → α = 51,38◦ ⇒ ζ2 = 0,62
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